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Abstract
Degenerate neutrino masses are excluded by experiment. The experimentally measured
mass squared differences together with the yet undetermined absolute neutrino mass
scale allow for a quasi-degenerate mass spectrum. For the lightest neutrino mass larger
than roughly 0.1eV, we analyze the influence of threshold corrections at the electroweak
scale. We show that typical one-loop corrections can generate the observed neutrino
mixing as well as the mass differences starting from exactly degenerate masses at the
tree-level. Those threshold corrections have to be explicitly flavor violating. Flavor
diagonal, non-universal corrections are not sufficient to simultaneously generate the
correct mixing and the mass differences. We apply the new insights to an extension
of the Minimal Supersymmetric Standard Model with non-minimal flavor violation in
the soft breaking terms and discuss the low-energy threshold corrections to the light
neutrino mass matrix in that model.
PACS: 14.60.Pq, 12.60.Jv
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1 Introduction
A direct measurement of neutrino masses is still missing. The perspective of data from tri-
tium decay in the near future probes the effective electron neutrino mass down to 0.2eV [1].
Complementary to direct searches are constraints from cosmology [2, 3] where the tightest
bound on the sum of (active) neutrino masses released by the Planck collaboration is under
certain assumptions
∑
mν < 0.23eV [4]. Including galaxy clustering and lensing data in
addition to the standard observation from the cosmic microwave background and baryon
acoustic oscillations, this bound turns into an observation in a “degenerate active neutrino
scenario”,
∑
mν = (0.320±0.081)eV [5]. The reported sum of neutrino masses shows a sig-
nificant deviation of about 3.2σ from the minimal value
∑
mν = 0.059eV which is allowed
by a massless lightest neutrino and the differences of mass squares:
∆m221 = 7.50
+0.19
−0.17 × 10−5 eV2,
∆m231 = 2.457± 0.047× 10−3 eV2,
(1.1)
where ∆m2
ji
= m2
j
− m2
i
and we restricted ourselves to the result of a normal hierarchy
(∆m231 > 0) as follows from a global fit of neutrino oscillation data [6].
The cosmological bounds as stated above disfavor a possible direct detection of a neutrino
mass from tritium decay. In any case, presuming such a discovery (which would be around
mνe = 0.35eV or higher) or taking the cosmological observation
∑
mν = 0.32eV for granted,
we observe a neutrino mass spectrum that is (quasi-)degenerate. In the first case, the three
neutrino masses differ only about one percent. The second scenario has at least the third
mass about ten percent larger than the lightest and second-lightest.
The three neutrino mass eigenvalues are calculated, once the absolute scale m0 is fixed
(we focus on a normal mass hierarchy):
m1= m0 , m2=pm20 +∆m221 , m3 =pm20 +∆m231.
Now we see, that m1...3 are basically the same numbers, in the limit m
2
0 ≫∆m2. The striking
feature of such a quasi-degenerate mass spectrum is, that the small deviations from exact de-
generacy can be seen as a small perturbation originating in quantum corrections to neutrino
masses.
It is well-known, that for degenerate neutrinos quantum corrections are important [7–
19]. However, the question is, whether the stringent Planck bounds still allow for domi-
1
nant contributions from quantum corrections. We shall focus on the influence of low-energy
threshold corrections as they may arise in several extensions of the Standard Model around
the TeV scale. The importance of threshold corrections in the MSSM was already pointed
out [11, 13–15, 18], we apply them to the current phenomenology of neutrino masses and
mixing (simultaneously accommodating a non-zero third mixing angle and still being con-
sistent with the mass bound).
Furthermore, those loop corrections to neutrino masses may also lead to the desired
mixing pattern as will be shown. The observed values for the three mixing angles are taken
from the same global fit that determines the ∆m2 [6]
sin2 θ12 = 0.304± 0.012,
sin2 θ13 = 0.0219
+0.0010
−0.0011,
sin2 θ23 = 0.451± 0.001,
(1.2)
where we follow the standard parametrization of any three-dimensional rotation matrix that
can be seen as three successive rotations and the Dirac CP phase δCP associated to the 1-3-
rotation
U(θ12,θ13,θ23,δCP,α1,α2) = U23(θ23) U13(θ13,δCP) U12(θ12) P(α1,α2)
=

c12c13 s12c13 s13e
−iδCP
−s12c23 − c12s23s13eiδCP c12c23− s12s23eiδCPs13 s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13
 P,
(1.3)
where si j = sinθi j and ci j = cosθi j and the angles θi j parametrize the rotation in the i-
j plane. The phase matrix P = diag(eiα1 , eiα2, 1) contains the Majorana phases which are
absent in the case of Dirac neutrinos.
We work in a basis, where the charged lepton Yukawa couplings are diagonal and gen-
erate the small neutrino masses via a seesaw-inspired model [20–26] that leads to a non-
renormalizable operator suppressed by a reasonably heavy scale M [27]:
L
ℓ
Y ⊃ Y eα Lα ·H eα+
hαβ
M
(Lα ·H)(Lβ ·H) + h. c. , (1.4)
where H denotes the SM Higgs doublet whose neutral component acquires a vev and Lα is
the lepton doublet of flavor α = e,µ,τ: Lα = (νL,α,ℓL,α) of left-handed fields and eα denotes
the right-handed charged leptons. If the couplings hαβ are O(1) couplings, the mass of the
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light neutrinos scales as v2/M . To end up with mν ® 1eV, the scale M has to beO(10
14GeV).
We therefore explicitly work with Majorana neutrinos, which is manifest in a symmetric
neutrino mass matrix, hαβ = hβα, and the Majorana phase matrix P of Eq. (1.3). Since the
charged lepton masses are diagonal, U of Eq. (1.3) diagonalizes the neutrino mass matrix
and shows up as mixing matrix in the weak charged current interaction which is known as
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [28,29].
A Majorana mass term does not allow to rotate away complex phases into redefinitions of
the fields. Majorana neutrino masses are in general complex and the two Majorana phases
α1,α2 can be absorbed in a redefinition of the masses:
m¯ν = UTmνU = diag(|m1|e−2iα1 , |m2|e−2iα2 ,m3), (1.5)
where U is the mixing matrix of Eq. (1.3) without the phase matrix P. Without loss of
generality m3 can be chosen real and positive. Under CP conservation, the choice α1,2 =
0,±π
2
results in the possibility of having two different signs for the masses m1,2 reflecting
different CP parities. In the following, we want to discuss the two scenarios where all three
neutrinos have the same CP parity and where one has a different sign.
This paper is organized as follows: in the second section we discuss possible patterns of
degenerate masses as was done in the literature some time ago. In earlier works, people
focused on bi-maximal (or tri-bimaximal) tree-level mixing and considered deviations from
that pattern, especially with only very small θ13. Nowadays, since θ13 is measured quite well,
it is intriguing to re-examine exemplarily simple patterns in the threshold corrections and
see whether they can deal with both rather large 1-3 mixing and the established mass square
differences. In the same section we also consider the case with trivial mixing at tree-level
and generate the mixing fully radiatively. We estimate the size of the threshold corrections
needed to generate the observed mixing pattern. The same procedure also fits the masses.
Furthermore, in Section 3 we give an explicit example of a supersymmetric model with
exactly degenerate tree-level masses, in which threshold corrections generate the observed
pattern of mass differences and mixings.
2 The influence of Quantum corrections
In general, quantum corrections to neutrino masses change the alignment pattern of mass
eigenstates and mixing angles. A tree-level mass matrix m(0)
ν
provides a special mixing pat-
3
tern by misalignment of interaction (flavor) and mass eigenstates. This can be result of some
flavor symmetry acting at the tree-level Lagrangian. Quantum corrections are, however, mix-
ing different flavor eigenstates differently from the tree-level pattern, where the corrected
mass matrix can be parametrized as
mν
αβ
= m
(0)
αβ
+m(0)
αγ
Iγβ + Iαγm
(0)
γβ
, (2.1)
and Iαβ denote the corrections [11, 13–15]. Greek indices (α,β ,γ = e,µ,τ) live in the in-
teraction basis. Note, that the tree-level mass matrix m(0) as well as the corrections I are
symmetric in the case of Majorana neutrinos which is explicitly assumed by the use of the
effective operator of Eq. (1.4). The physical mass matrix is then understood to be mν. In gen-
eral, quantum corrections are to be decomposed in contributions from the renormalization
group (RG) and low-energy threshold corrections at the electroweak scale: I = IRG+ ITH.
The contributions from the renormalization group are known to give a sizable effect
for quasi-degenerate neutrino masses [7–9, 30–33]. Especially the choice of the same CP
parity for two masses may lead to large mixing at low scale irrespective of the original
mixing at the high scale [12], known as infrared fixed points [33]. The effect from the
renormalization group severely depends on the Majorana phases: for a vanishing Majorana
phase, maximal mixing patterns get diluted on the way to the high scale [10] for quasi-
degenerate (m0 ∼ O(1eV)) neutrino masses. If the phase on the contrary is large or the
overall mass scale much smaller than 1eV, maximal mixing is preserved. Likewise, zero
mixing (as follows from the assignment m1 = m2 = m3) is conserved [34] irrespective of the
Majorana phase difference |α1−α2|. We therefore safely neglect those kinds of contributions
that preserve specific mixing patterns anyway.
The main contribution to the mass splitting from the RG evolution is from the τ Yukawa
coupling and can be estimated to be IRG
τ
®
y2
τ
16π2
log

M
MZ

, where M is the heavy scale of
Eq. (1.4). In the cosmological allowed scenarios (m0 ® 0.1eV), the maximal splitting for
large values of tanβ in the MSSM and a heavy scale M ≤ 1014 GeV is generically too small
to generate the required splitting between m3 and m1,2 which has to be around 0.01eV,
whereas IRG
τ
≈ 4.6 × 10−3 with tanβ = 50 and M = 1014GeV. This correction, which
is independent from the tree-level neutrino mass spectrum, still gives a sizable effect for
m0 = 0eV of about 10% of the mass splitting
p
∆m231. To keep I
RG
τ
even smaller, one either
has to reduce M or tanβ or both. It is, however, interesting to verify whether low-energy
threshold corrections themselves can account for the required mass splittings. Since for
the degenerate spectrum m(0)1 = m
(0)
2 = m
(0)
3 zero mixing is preserved, the existence of a RG
4
induced mass splitting due to the τ Yukawa coupling does not alter the qualitative discussion
on that scenario below. This feature may be used to generate a larger ∆m231 compared to
∆m221 if the the threefold degeneracy is to be abandoned without the need of too large I33.
Our main purpose is to analyze the pure threshold effects as they may arise from new
physics around the electroweak scale (therefore we also neglect the running of neutrino pa-
rameters from the electroweak to the scale of interest). As we will see, threshold corrections
to the neutrino mass matrix can be sufficient to generate the large observed mixings even if
there is no specific mixing at the tree-level.
The tree-level mass matrix of Eq. (2.1) can be transformed into the mass eigenbasis using
the tree-level mixing matrix U (0):
mν
i j
= m
(0)
i δi j +

m
(0)
i +m
(0)
j

Ii j, (2.2)
where Latin indices i, j are meant to be in the mass basis and Ii j =
∑
αβ IαβU
(0)
αi U
(0)
β j
.
In the case of exact degeneracy, m(0)1 = m
(0)
2 = m
(0)
3 , the tree-level mixing is trivial,
whereas it gets non-trivial if the masses have different CP parities (e.g. m(0)1 = −m(0)2 = m(0)3 )
or CP violation occurs [35, 36]. Including (CP conserving) threshold corrections, it is pos-
sible to lift the degeneracy [13, 15] without referring to CP phases [37]. We address the
question whether low-energy threshold corrections have the power to generate significant
deviations from a given tree-level mixing with one vanishing mixing angle or even gener-
ate the observed neutrino mixing fully radiatively in the trivial scenario. Note that for the
m
(0)
1 = −m(0)2 = m(0)3 case, there is a free rotation in the 1-3 plane left where two mixing
angles are determined from the tree-level flavor structure.
The m
(0)
1
= −m
(0)
2
=m
(0)
3
scenario The assignment of different CP eigenvalues to different
masses simplifies the situation of Eq. (2.2) tremendously:
mν = m

1+ 2Uα1Uβ1Iαβ 0 2Uα1Uβ3 Iαβ
0 −1− 2Uα2Uβ2 Iαβ 0
2Uα1Uβ3Iαβ 0 1+ 2Uα3Uβ3 Iαβ
 , (2.3)
where summation over repeated indices is understood. The diagonalization of the 1-3 block
can be done by requiring ∑
αβ
Uα1Uβ3 Iαβ = 0, (2.4)
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which can be motivated analogously to degenerate perturbation theory in quantum mechan-
ics and exploits the freedom of rotation in the 1-3 plane [11,13,15].
In general, the threshold corrections Iαβ do not have to be diagonal—however, it is in-
triguing to analyze whether flavor-diagonal contributions Iα = Iαα (α = e,µ,τ) are sufficient
to generate the desired deviation from the degenerate pattern. Condition Eq. (2.4) relates
the third yet undetermined mixing angle to the other two and gives a constraint on the
threshold corrections. Including all three corrections, we get an extension of Eq. (5.11)
in [15]:
s13 = c23s23
s12
c12
Iµ− Iτ
Ie− s223 Iµ− c223 Iτ
, (2.5)
where si j = sinθi j and ci j = cosθi j as defined above. This can be used to replace Ie in terms
of Iµ, Iτ and the mixing angles:
Ie = s
2
23 Iµ+ c
2
23 Iτ+
c12s23c23
c12s13

Iµ− Iτ

. (2.6)
There are then two parameters left (Iµ and Iτ) to fit the two mass squared differences. Shift-
ing all corrections by an overall flavor universal constant, Iα → I˜α = Iα − I , does neither
change the mixing angles nor does it affect the ratio ∆m231/∆m
2
21 [15]. Fitting simultane-
ously a large θ13 and the masses (∆m
2
21 and ∆m
2
32) with the diagonal corrections only is
excluded with the current neutrino data for perturbative Iα. Using Eq. (2.5) to eliminate Ie,
the two mass squared differences
∆m2
ab
≈ m˜2
h
1+ 2UαaUβa I˜αβ
2 − 1+ 2UαbUβ b I˜αβ2i (2.7)
are then roughly of the same order instead of approximately separated by one order of
magnitude. The mass parameter m˜ is scaled with the shift in I˜α: m˜ = (1+ 2I)m. To get a
larger splitting between∆m221 and ∆m
2
31 is incompatible with the requirement (2.5), at least
for real θ13 (which constraints |s13| ≤ 1) and δCP = 0. For a non-zero Dirac CP-phase the
expressions become much more involved.
Of course, the threshold corrections Iαβ are not necessarily flavor diagonal. Including
more contributions (with α 6= β) may help to get a better fit to data. However, the new
parameters are less constrained. It is interesting to remark that out of the given relations
between the mixing angles in the case where one off-diagonal correction dominates (see [11,
15]), the only surviving relation is the one for dominant Iµτ in view of recent data (s13 =
− tanθ12 cot2θ23). To get the masses right, at least one more sizable correction is necessary.
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FIGURE 1: The allowed ranges for Iττ and Iµτ for∆m
2
31 and∆m
2
21 within their 1σ ranges (the mixing
angles are taken at the central values). The left plot shows the dependence on the lightest neutrino
mass m0 in the vertical direction. There is one class of solutions where all three non-vanishing
elements of I are close to zero.
Take e.g. Iτ 6= 0, the condition (2.4) then gives a relation
Iτ =−Iµτ
2s13s23 + cos2θ23 tanθ12/c23
c23s13 − s23 tanθ12
≈ 5
4
Iµτ. (2.8)
The contribution in both ∆m2 is ∼ m2 Iµτ which is—for the known values of the mixing
angles, where no accidental cancellations appear—not sufficient to give rise to the splitting
∆m231 ≫ ∆m221. Considering also Ie 6= 0 helps to find solutions for not too heavy neutrinos
(m≈ 0.1eV) and |Iτ|, |Iµτ|=O(10−2) via the relation
s13 =
(Iτc23s23 − Iµτ cos2θ23) tanθ12
Iτc
2
23 + Iµτ sin2θ23 − Ie
. (2.9)
We can now see whether there are solutions for Iτ and Iµτ that give the right∆m
2 according
to Eq. (2.7). The angles are already fixed and Eq. (2.9) actually determines Ie in terms
of Iτ and Iµτ. Viable solutions are shown in Fig. 1, where we show the allowed regions
for the two free entries of I . The mass squared differences were fixed to be in the 1σ
intervals and the mixing angles at their central values. There is actually one class of solutions
where all three Ie, Iτ and Iµτ are small and get smaller for larger values of m0. For m0 =
0.1(0.35)eV, we have Ie = −8.15×10−3(−6.78×10−4), Iµτ = 2.73×10−2(2.31×10−3) and
Iτ = 3.97× 10−2(3.35× 10−3).
Examination of other configurations as m1 = m2 = −m3 or −m1 = m2 = m3 are qualita-
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tively the same and can be treated analogously.
The exact degenerate case: m
(0)
1
= m
(0)
2
= m
(0)
3
Unlike the situation where one mass
eigenvalue has a different sign and there is only one freedom of rotation (in the plane where
both masses have the same sign), the exact degenerate case allows for three arbitrary rota-
tions. Trivially, there is no mixing matrix at the tree-level and therefore it is interesting to
figure out whether threshold corrections have the power to generate the mixing—and lift
the degeneracy in masses.
In General, Eq. (2.2) is a complex symmetric matrix, where the first term is proportional
to the unit matrix:
mν = m 1+m

I11 I12 I13
I12 I22 I23
I13 I23 I33
 , (2.10)
and m is the common neutrino mass. Obviously, mν is diagonalized by diagonalizing only
the perturbation I . Models of exact degeneration can be motivated from SO(3) or SU(3)
symmetries—or finite subgroups of them. Eq. (2.10) is the starting point to derive the physi-
cal mixing matrix from the threshold corrections. To a very good approximation, the charged
leptons do not receive sizable flavor changing corrections, so the re-diagonalization of the
perturbed neutrino mass matrix gives directly the phenomenological leptonic mixing matrix
UPMNS observed in charged current interactions. (We work in the charged lepton mass basis.)
The diagonal neutrino mass matrix is obtained by the use of Eq. (1.3)
m¯ν = U(θ12,θ13,θ23)
T mν U(θ12,θ13,θ23) = U
T
12U
T
13U
T
23m
νU23U13U12, (2.11)
which shows that in the standard parametrization U23 acts “first” on the full mass matrix
mν. Note that for different parametrizations, especially a different ordering of rotations, the
assignments to the measured angles are different and first have to be re-expressed by the
standard angles. Eq. (1.3) as mixing matrix allows to directly apply the results of Ref. [38]
and similar results to our problem.
Experimentally, θ23, the atmospheric mixing angle, is measured to be roughly maximal
|θ23| ≈ π4 with a small deviation of a few degrees. The rotation angle in the i- j plane can be
expressed analytically in terms of the matrix elements via
tan2θi j =
2Ii j
I j j − Iii
, (2.12)
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where θi j can be chosen such that 0 ≤ θi j ≤ π/4 by reordering diagonals and off-diagonals
and shifting the the phase in the two-fold transformation
Ui j(θi j,δi j) =
 
cosθi j sinθi je
−iδi j
− sinθi jeiδi j cosθi j
!
.
Maximal mixing in the 2-3 plane means, that this sector can be diagonalized using
U23 =

1 0 0
0 1p
2
− 1p
2
0 1p
2
1p
2
 ,
by setting I33 = I22 in Eq. (2.10). For simplicity and because it only has an influence on
the resulting eigenvalues which can be absorbed in a redefinition of the mass parameter
m, we also take I23 = I22 (note that this is not required for θ23 = π/4 and we release this
requirement later).1 As result, we get
I ′ = UT23 I U23 =

I11
I12+I13p
2
− I12−I13p
2
I12+I13p
2
2I22 0
− I12−I13p
2
0 0
 . (2.13)
Since a few years ago, the measured value of θ13 was comparable to zero, which suggests
furthermore the approximation I13 ≈ I12 such that the last rotation is given by
θ12 ≈
1
2
arctan

2
p
2I12
2I22 − I11

(2.14)
and the eigenvalues of mν are m3 = m and
m1,2 = m
1+ 12
I11 + 2I22 ±  I11− 2I22
È
(I11 − 2I22)2 + 8I212
(I11 − 2I22)2

 . (2.15)
1Actually, we have chosen an unconventional sign convention which corresponds rather to θ23 = −π/4
contrary to the conventions described beforehand. A similar result can be obtained for the other sign. In the
given convention, m3 = m and (for normal hierarchy) m1,2 < m.
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The mass squared differences calculated from the masses in (2.15) can be obtained as
∆m221 = m
2  2+ I11 + 2I22 2I22 − I11
s
1+
8I212 
I11 − 2I22
2 ,
∆m231 = −
m2
2
 
I11(I11 + 2)− I22(I22+ 1)
È I11 − 2I222+ 8I212
(I11 − 2I22)2
+ I11
 
I11 + 2

+ I22
 
I22 + 1

+ 4I212

.
(2.16)
Altogether, there are four free parameters left (m, I11, I22 and I12) required for fitting three
masses and one mixing angle (θ12). The other two mixing angles were set to phenomenolog-
ically motivated distinct values (θ13 = 0 and θ23 =−π/4) and shall receive small corrections
in the following.
Up to now, we have set the third mixing angle to zero, which is disfavored by current
experimental data. Nevertheless, we want to take the observed pattern in the quantum
corrections as starting point to evaluate deviations from that by assigning deviations to the
two restrictions that were set explicitly:
I33 = I22 + ǫ,
I13 = I12 +δ,
(2.17)
with ǫ,δ parametrizing the deviations. As we will see, ǫ and δ do not necessarily have to be
small compared to I12 and I22. Especially the deviation in I33 has to be of the same order as
I22. In that way, we now have six parameters (I11, I22, I12, I23, δ and ǫ) to completely fit three
masses and three mixing angles, where θ23 is expected to be close to
π
4
and θ13 small. We
assign the “unperturbed” mass parameter to be m = m0, any flavor-universal contribution in
the threshold corrections can be simply added as a shift in the diagonals: I˜α = Iα − I0 for
α = e,µ,τ. The relation between the observed masses and the threshold corrections is given
10
TABLE 1: Values of the threshold corrections needed to obtain the observed mixing angles and mass
splitting for a common neutrino mass of 0.1eV and 0.35eV.
m0 = 0.1eV m0 = 0.35eV
I11 3.54× 10−3 3.00× 10−4
I12 1.19× 10−2 1.02× 10−3
I22 4.67× 10−2 4.01× 10−3
I23 5.43× 10−2 4.67× 10−3
ǫ 2.28× 10−2 1.96× 10−2
δ 6.73× 10−5 1.56× 10−5
I
0.354 1.19 1.201.19 4.67 5.43
1.20 5.43 6.96
× 10−2
0.300 1.02 1.031.02 4.01 4.67
1.03 4.67 5.97
× 10−3
by 
m0 p
m20+∆m
2
21 p
m20 +∆m
2
31

= m0 U(θ12,θ13,θ23)
T

1+ I11 I12 I12 +δ
I12 1+ I22 I23
I12 +δ I23 1+ I22 + ǫ
U(θ12,θ13,θ23),
(2.18)
where the mixing angles θi j and mass squared differences are fixed by experiment. For the
numerical values, we refer to the global fit from the ν -fit collaboration [38], where we now
focus on the central value as a proof of principle:
θ12 ≈ 31.8◦ , θ13 ≈ 8.5◦ , θ23 ≈ 39.2◦ ,
∆m221 ≈ 7.5× 10−5 eV2 , ∆m231 ≈ 2.458× 10−3 eV2.
The lightest neutrino mass m0 is in principle a free parameter that will be tested by future
neutrino mass experiments. Even if m0 is not large enough to be directly measured, we show
that quantum corrections still can lift the degenerate mass pattern sufficiently. Therefore
we compare the two cases where either a positive direct determination is to be expected
(m0 = 0.35eV) and the cosmologically favored (m0 = 0.1eV). The second value is still
compatible within about 1σ with the 95% upper bound on
∑
mν and the nonzero value
from galaxy clustering and lensing [4,5].
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The results are shown in Tab. 1 where we compare the two scenarios of a cosmologically
inspired quasi-degenerate spectrum and a strong degeneracy as would follow from a KATRIN
neutrino mass measurement. It is amusing to see that the entries of I are in both cases of
the size of a typical radiative correction ® O(1/100) (note that we only wanted to generate
tiny deviations from the degenerate pattern in a regime where the physical masses are only
slightly non-degenerate) and show a hierarchy as 1 < 2 < 3 for labeling the generations.
This observation can be used in any new physics model with flavor changing low-energy
threshold corrections. An interesting model is presented in the next section, where we apply
the concept of radiative generation of neutrino mixing and mass differences to an extension
of the Minimal Supersymmetric Standard Model (MSSM). The complete contributions in the
MSSM were already calculated and rather lengthy [39]. We are only interested in the con-
tributions from Supersymmetry breaking, therefore we work with a reduced set of threshold
corrections. Although we do not refer to any flavor symmetry, there are models with a high-
energy non-abelian symmetry as A4 with degenerate masses where the mass splitting and
corrections to the mixing angles also happen radiatively [40,41].
A crucial point in the discussion is the behavior of the generic threshold corrections with
the lightest neutrino mass. In case the overall mass scale m0 drops below 0.1eV, the spec-
trum looses the degenerate property which is expressed in values Iαβ ≃ 0.1 as can be seen in
Fig. 2. Corrections are needed that are not of the size of typical perturbative corrections. The
hierarchical regime (m0 ≪ 0.1eV) needs a special kind of flavor symmetry breaking where
the degenerate patterns only needs a symmetry that guarantees equal masses. For a given
symmetry breaking chain, the hierarchy can be exploited to construct the mixing matrix out
of the mass ratios [42].
3 A viable example: threshold corrections in the νMSSM
without minimal flavor violation
The MSSM is known to come along with many new sources of flavor violation in general.
Incorporating the type-I seesaw mechanism to arrive at the dimension five operator (1.4)
allows for an arbitrary flavor pattern arising at the loop-level even if some symmetry pre-
serves flavor blind (and therefore degenerate) patterns at the tree-level. We will denote the
seesaw-extension of the MSSM which is described in the following by νMSSM.
Let us, for aesthetic reasons, introduce the same number of right-handed neutrino super-
fields as there are left-handed SU(2) doublets. Right-handed neutrinos are singlets under
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FIGURE 2: Graphical representation of the individual corrections. The first row shows the dependence
on the absolute neutrino mass scale: the larger m0 the smaller the corrections can be. The upper right
plot shows the deviations from equal values: δ = I13 − I12 and ǫ = I33 − I22 es defined in Eq. (2.17).
The lower line shows the interplay of the individual I jk compared to I33, similar plots can be done for
other combinations. The lower right plot shows the I jk normalized to the largest contribution I33.
the SM gauge group which allows to acquire a Majorana mass term by some not further
specified mechanism at the high scale MR.
The relevant part for neutrino physics of the νMSSM is given by the superpotential
W ⊃ µH1 ·H2 + Y νi j H2 · LL,iNR, j
− Y ℓ
i j
H1 · LL,i ER, j +
1
2
MR
i j
NR,iNR, j,
(3.1)
where we have the two Higgs SU(2) doublets H1 = (h
0
1,h
−
1 ) and H2 = (h
+
2 ,h
0
2), and the
dot product denotes SU(2)-invariant multiplication. The doublet of left-handed leptons is
written as LL = (NL, EL), where capital letters denote chiral superfields F = { f˜ , f } and the
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right-handed matter fields are contained in the left-chiral multiplets ER = {ℓ˜∗R,ℓcR} and NR =
{ν˜∗R,ν cR}. Generation indices i, j are used in an obvious manner, f c is the charge conjugated
fermion component.
To break Supersymmetry (SUSY) softly, we introduce the following potential terms
V ν˜soft =

m2
L˜

i j
ν˜∗L,iν˜L, j +

m2
R˜

i j
ν˜R,iν˜
∗
R, j +

Aν
i j
h02 ν˜L,iν˜
∗
R, j +

B2

i j
ν˜∗R,iν˜
∗
R, j + h. c.

. (3.2)
The neutrino B term is written in a way that suggests no connection to MR although it can
be seen as a “Majorana-like” soft breaking mass term (therefore denoted here as B2). The
usual way to write it down in the literature is rather B2 = b MR with b being a parameter of
the SUSY scale, see e.g. [43–45].
In general, Aν as well as B2 are arbitrary matrices in flavor space (B2 is symmetric).
Because flavor-off-diagonal entries in the soft breaking mass m2
L˜
easily lead to large FCNC
processes in charged lepton physics, we take this contribution flavor blind as well as m2
R˜
:
m2
L˜
=m2
R˜
= M2SUSY 1.
Without loss of generality, we work in a basis where the charged lepton Yukawa coupling
as well as the right-handed Majorana mass is diagonal. The neutrino Yukawa coupling
can then be expressed in terms of the right-handed masses MR
i
, the light neutrino masses
mν
i
= v2uκi and the PMNS matrix [46]:
Yν =
p
MRR
p
κU
†
PMNS, (3.3)
with R being an (arbitrary) complex orthogonal matrix. The Matrices
p
MR and
p
κ are
diagonal matrices of the heavy and light masses, respectively. The right-handed Majorana
mass scale MR is a priori not constrained, where limits can be set from leptogenesis [47]. To
get O(1) neutrino Yukawa couplings, we set MR = 10
14GeV.
Unfortunately, Eq. (3.3) allows for random flavor structures in Yν due to R which ac-
tually do not affect the tree-level mass and mixing formulae. Without any restrictions on
Yν, any prediction on the flavor mixing behavior of SUSY threshold corrections would be
useless, because not only the combination YT
ν
M−1R Yν will appear but also A
νYν and MRYν.
Remember that we wanted to explain deviations from the degenerate neutrino mass
pattern. Integrating out the heavy superfields in Eq. (3.1) brings us to the effective operator
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of Eq. (1.4) and yields a light neutrino mass matrix of the form
m(0)
ν
= −v2uY TνM−1R Yν+O(v4u/M3R). (3.4)
To get exact degeneracy in m(0)
ν
there has to be some conspiracy at work that adjusts Yν in a
way to cope with any non-degenerate pattern in MR. Avoiding any conspiracies, we assume
(conspire?) the Yukawa coupling as well as the right-handed Majorana mass to be flavor
blind: Yν = yν 1 and MR = mR1. Other popular choices like
Yν =

1 0 0
0 0 1
0 1 0

as favored by discrete flavor symmetries do not alter the qualitative features of the results.
The degenerate neutrino mass is then given by m= v2u y
2
ν
/mR.
Calculation of the SUSY threshold corrections is done by evaluating the neutrino self-
energies including superpartners [44]:

m1−loop
ν

i j
=

m(0)
ν

i j
+Re
Σ(ν),Si j + m(0)νi2 Σ(ν),Vi j +
m(0)
ν j
2
Σ
(ν),V
ji
 , (3.5)
with the decomposition of the neutrino self-energy
Σ
(ν)
i j (p) =Σ
(ν),S
i j (p
2)PL+Σ
(ν),S
i j
∗
(p2)PR+ /p
h
Σ
(ν),V
i j (p
2)PL+Σ
(ν),V
i j
∗
(p2)PR
i
. (3.6)
For Majorana neutrinos, the self-energy is flavor symmetric (Σi j = Σ ji and the coefficients
in front of the left and right projectors (PL and PR respectively) are related via complex
conjugation. We evaluate the self-energies at p2 = 0 since the sparticles in the loop are
superheavy compared to neutrinos.
The flavor changing scalar and vectorial parts of the neutrino self-energies according to
Eq. (3.6) can be easily calculated—although the mixing matrices are only to be determined
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numerically:

Σ
(ν),S

i j
=
1
4(2π)2
B0(mχ˜0
k
,mν˜s)mχ˜0k
−ip
2
2 
g2Z
N
2k − g1ZN1k
2
Z
ν˜∗
i′s Z
ν˜∗
j′s (UPMNS)i′ i(UPMNS) j′ j,
(3.7a)
Σ
(ν),V

i j
=
1
4(2π)2
B1(mχ˜0
k
,mν˜s)
 −ip
2
2 g2ZN2k − g1ZN1k2Z ν˜i′sZ ν˜∗j′s (U∗PMNS)i′ i(UPMNS) j′ j,
(3.7b)
where summation over repeated indices is understood. The unrenormalized neutrino mixing
matrix which occurs in the vertex is denoted by UPMNS, Z
ν˜ is the slightly modified sneutrino
mixing matrix described in the appendix B, ZN is the neutralino mixing matrix, B0 and B1
the emerging loop functions. The same expressions were found by the authors of [44] as
well with the conventions of App. B.
We are restricting ourselves to only Aν having an arbitrary flavor structure—and deter-
mine this structure by comparing the result of Eq. (3.5) by virtue of SUSY corrections to
the solution of Eq. (2.18) where the size of the threshold corrections can be obtained as
m Ii j =

m1−loop
ν

i j
−mδi j with m being the degenerate mass at tree-level. The dependence
on the remaining SUSY parameters is quite mild in any respect. For the analysis presented
here we vary the values of the following variables randomly in the given intervals:
MSUSY ∈ [500,5000]GeV,
M1 ∈ [0.3,3]MSUSY,
M2 ∈ [1,5]MSUSY,
µ ∈ [−15,15]TeV,
tanβ ∈ [10,60].
(3.8)
As expected, for low values of the absolute neutrino mass m0 where the deviation from
the degenerate pattern is large, the SUSY threshold corrections measured in the values of
Aν have to be large as shown in Fig. 3 where we plotted the ratio ai j = A
ν
i j
/MSUSY. The
left-hand side of Fig. 3 compared to the right-hand side shows that that basically this ratio is
the parameter which drives the corrections and has the same shape as the Ii j dependent on
m0 where the size of the A
ν
i j
depending on the SUSY scale also is sensitive to the parameters
of the theory.
The correlations between the Ii j elaborated in Sec. 2 also get reflected to the trilinear
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FIGURE 3: The left plot shows values of Aν for the variation of parameters specified in (3.8). The
lightest neutrino mass m0 was chosen in the regime plotted on the right side, where we rescaled all
trilinear soft breaking couplings with the SUSY scale, ai j = A
ν
i j/MSUSY. The values of a12 and a13 are
roughly the same since they differ only by a small parameter as described in Sec. 2.
SUSY breaking terms shown in Fig. 4. Especially the off-diagonals are very strongly corre-
lated where we only expected this for Aν12 and A
ν
13. The least correlation can be seen between
A12 and A11 which correspond to I12 and I11 that were seen to be the most independent con-
tributions.
4 Conclusions
We have discussed degenerate neutrino masses at the tree-level and showed how threshold
corrections to the masses affect the mixing. The cosmologically favored value for the ab-
solute neutrino mass is rather at the edge of what is usually called quasi-degenerate mass
spectrum. In contrast, any direct measurement like from tritium decay would immediately
pose a highly degenerate spectrum. Both degenerate cases imply that small threshold correc-
tions arising at some scale between the electroweak and the scale of any UV complete theory
are sufficient to generate both the neutrino mass spectrum as well as the mixing angles ra-
diatively. For the general discussion, we have not fixed any model to account for neutrino
masses and even neglected the RGE running down to the electroweak scale. RGE corrections
are known to be important altering both mixing angles and mass differences considerably.
Several degenerate patterns, however, are known to preserve specific mixing patterns.
We re-examined the more general possibility of neutrino mass eigenstates having differ-
ent CP eigenvalues (when CP is conserved) which lead to a simplified description of thresh-
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FIGURE 4: Correlations between the different elements of Aν. The left plot shows the off-diagonals
with respect to Aν12 where the right shows the correlation with the diagonal entries.
old corrections. In this scenario, there exist non-trivial tree-level mixings and the task is to
determine deviations from that. It is, however, impossible to simultaneously accommodate
for both mass splittings and a sizable third mixing angle with only flavor-diagonal threshold
corrections. We have to include at least one off-diagonal, Iµτ, which is indeed sufficient to
reproduce the masses and mixings in the interplay with the diagonal Ie and Iτ.
For the case of a trivial tree-level mixing with three exactly degenerate masses, we de-
rived phenomenologically out of the observed neutrino mixing patterns (e.g nearly maximal
θ23 whereas small θ13) constraints and correlations on the threshold corrections Ii j that can
help to survey the parameter space of the full theory. For degenerate neutrino masses, the
typical size of the corrections is in the range of a one-loop threshold correction. In this
spirit, we applied this method of degeneracy-lifting to threshold corrections as they typically
occur in supersymmetric models including a theory of neutrino masses. The νMSSM sets
the stage of a very powerful model. Although in its full generality, no statements about any
flavor pattern of the SUSY threshold corrections can ever be made, we transferred the prin-
ciple of degeneracy to the potentially arbitrary parameters there and set the right-handed
Majorana masses as well as the neutrino Dirac masses to a degenerate pattern. In this very
limited setup, we looked for trilinear couplings Aν fulfilling the requirements of the thresh-
old corrections Ii j to end up at the observed patterns of masses and mixings. The results are
qualitatively very stable under variation of the free SUSY parameters. In any case, we need
large neutrino A terms to get the structure of the threshold corrections as for the generic
discussion. Effectively, the combination Aν/MSUSY drives the corrections.
Shifting the generation of neutrino flavor from the mass matrices to the soft SUSY break-
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ing sector, especially Aν, does not solve the flavor puzzle neither reveals this procedure a
deeper understanding. The possibility of flavor mixing arising as a pure quantum effect in
the low energy effective theory, however, opens another view on the flavor puzzle. Break-
ing Supersymmetry in a way that does not respect flavor challenges also models for SUSY
breaking. Even if the UV extension of the SM is not supersymmetric, the formulation of
neutrino mixing via low-energy threshold corrections implies a theory of flavor hidden in
the yet veiled new physics.
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A Sneutrino squared mass matrix and mixing matrix
Extending the MSSM by right-handed neutrinos and giving them a Majorana mass leads to
a seesaw-like mechanism in the sneutrino sector. Similar to the seesaw-extended Standard
Model, where the neutrino spectrum gets doubled, the sneutrino spectrum gets quadrupled.
Why that? The MSSM contains only three sneutrino states. Including right-handed fields,
the number of states get doubled, although half of them are singlets under the SM gauge
group. Moreover, due to Dirac and Majorana masses, the physical spectrum gets even more
enlarged. Effectively, we are left with six light, more or less active states, and six heavy
singlet-like states. A priori, the sneutrino squared mass matrix is therefore a 12×12 matrix,
which can be perturbatively block-diagonalised similar to the neutrino mass matrix. The
complete procedure is described in great detail by [44].
We choose the following basis: N˜ = (ν˜L, ν˜
∗
L , ν˜
∗
R, ν˜R)
T (such that −Lν˜mass = N †(Mν˜)2N) and
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classify chirality conserving (LL,RR) and chirality changing blocks:
(Mν˜)
2 =
1
2
 
M
2
L L
M
2
LR
M
2
LR
†
M
2
RR
!
,
with
M
2
L L
=
 
M
2
ℓ˜
+ 1
2
M2
Z
cos2β1+mD
ν
mD
ν
†
0
0 (M2
ℓ˜
)T + 1
2
M2
Z
cos2β1+mD
ν
∗
mD
ν
T
!
, (A.1a)
M
2
RL
=
 
mD
ν
MR −µ cotβmDν + vuA∗ν
−µ∗ cotβmD
ν
∗
+ vuAν m
D
ν
∗
M∗R
!
, (A.1b)
M
2
RR
=
 
(M2
ν˜
)T +mD
ν
T
mD
ν
∗
+M∗RMR 2(B
2)∗
2B2 M2
ν˜
+mD
ν
†
mD
ν
+MRM
∗
R
!
, (A.1c)
where bold face symbols as well as the soft slepton masses M2
ℓ˜,ν˜
denote 3× 3 matrices in
flavour space and the singlet mass is symmetric: MR = M
T
R . And m
D
ν
is the Dirac neutrino
mass matrix defined as mD
ν
= 1p
2
vuYν.
B Feynman rules for the type I seesaw-extended MSSM
The relevant vertices for the lepton flavor changing self energies are triple vertices for the
lepton-slepton-gaugino and -higgsino interactions:
i Γ
ν˜sχ˜
0
k
ν f = −
ip
2

(g2Z
N
2k − g1ZN1k)Z ν˜∗is (UPMNS)i f

PL (B.1a)
+

(g2Z
N∗
2k − g1ZN∗1k )Z ν˜is(U∗PMNS)i f

PR

,
i Γ
e˜sχ˜
0
k
ei =
ip
2

(g2Z
N
2k + g1Z
N
1k)W
e˜
is
− ye
i j
ZN3kW
e˜
j+3,s

PL (B.1b)
−
p
2g1Z
N
1kW
e˜
i+3,s + y
e∗
ji
ZN3kW
e˜
js

PR

,
i Γ
e˜sχ˜
+
k
ν f = − i
h
g2Z
−
1kW
e˜∗
is
− ye∗
i j
Z−2kW
e˜∗
j+3,s
i
(UPMNS)i f PL, (B.1c)
i Γ
ν˜s(χ˜+k )
c
ei
= − i
h
g2Z
+
1kZ
ν˜∗
i,s PL− yei j Z−∗2k Z ν˜js PR
i
, (B.1d)
where summation over double indices is understood.
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The vertices of eqs. (B.1) are given for an incoming standard model fermion, outgo-
ing chargino or neutralino as well as sfermion. They generically follow from a interaction
Lagrangian like
Lint = f¯i Γ
f˜sχ˜k
f f
χ˜k f˜ f + h. c.
Each vertex comes along with the corresponding chirality projector:
Γ
f˜sχ˜k
f f
= Γ
f˜sχ˜k
L, f f
PL+ Γ
f˜sχ˜k
R, f f
PR
The mixing matrices diagonalize the mass matrices in the following manner:
• Chargino mixing: Z−TMCZ+ =
 
MC
diag
,
• Neutralino mixing: ZNTMNZN =
 
MN
diag
,
• Slepton mixing: W e˜†M2e˜W e˜ =

M
2
e˜
diag
,
• Sneutrino mixing:
W
ν˜†
M¯
2
ν˜
W
ν˜ =W ν˜†P†M2
ν˜
PW
ν˜ =

M
2
ν˜
diag
,
such that Z ν˜ = PW ν˜ diagonalizes the original mass matrix M2
ν˜
and therefore:
Z
ν˜
is
=
1p
2

W
ν˜
is
+ iW ν˜
i+3,s

and
Z
ν˜
i+3,s =
1p
2

W
ν˜
is
− iW ν˜
i+3,s

appear in the vertices of eqs. (B.1).
• Neutrino mixing: The PMNS mixing matrix can be determined from the neutrino mass
matrix mdiag
ν
= U∗PMNSmνU
†
PMNS, where mν is the effective light neutrino mass matrix
and the charged lepton masses can be taken diagonal (otherwise there would be a
contribution to the PMNS mixing similar to the CKM mixing from both up and down
sector: UPMNS = V
†
e,LUν,L, where Ve,L rotates the left-handed electron fields).
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Loop functions Finally, we give our conventions for the arising MS subtracted loop func-
tions for p2 = 0 and µr the renormalization scale:
B0(m1,m2) =− ln
m1m2
µ2
r
+ 1−
m21 +m
2
2
m21 −m22
ln
m1
m2
, (B.2a)
B1(m1,m2) =
1
2
ln
m1m2
µ2
r
− 3
4
−
m22
2(m21 −m22)
+

m41
(m21 −m22)2
− 1
2

m1
m2
. (B.2b)
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